Mimetic f(T) Teleparallel gravity and cosmology by Mirza, Behrouz & Oboudiat, Fatemeh
Mimetic f(T) Teleparallel Gravity And Cosmology
Behrouz Mirza∗ and Fatemeh Oboudiat†
Department of Physics, Isfahan University of Technology, Isfahan 84156-83111, Iran
We formulate mimetic theory in f(T ) teleparallel gravity where T is torsion scalar. It is shown
that the construction of the mimetic theory in the teleparallel gravity requires the vierbeins to be
left unchanged and the conformal transformation performed on the Minkowski metric of the tangent
space. It is further argued that the conformal degree of freedom in this teleparallel mimetic theory
becomes dynamical and mimics the behavior of cold dark matter. We also show that it is possible to
employ the Lagrange multipliers method to formulate the mimetic theory in an f(T ) theory without
any auxiliary metric. The mimetic f(T ) theory is examined by the method of dynamical system and
it is found that there are five fixed points representing inflation, radiation, matter, mimetic dark
matter and dark energy dominated eras in the theory if some conditions are satisfied. We examined
the power-law model and its phase trajectories with these conditions.
I. INTRODUCTION
One of the most important issues in recent cosmology
is the dark energy/matter problem [1]. An interesting
model has been recently proposed based on the confor-
mal invariant extension of the theory which leads to new
degree of freedom. The extra degree of freedom mimics
the behavior of cold dark matter; hence, the designa-
tion mimetic theory [2]. The role of the initial conditions
for such a dark matter (DM) is discussed in [3]. In [4]
and [5] the connection of the mimetic gravity and imper-
fect DM is represented. This theory has been extended
to explain inhomogeneous dark energy [6]. While the
cosmology of the theory is investigated in [7], the uni-
modular mimetic cosmology, null energy condition vio-
lation, and f(R) mimetic dark matter are addressed in
[8], [9], and [10], respectively. In mimetic f(R) grav-
ity, dark energy oscillations, unified inflation-dark energy
evolution of the universe, aspects of late time evolution
of the universe, Schwarzschild de sitter black holes and
unimodular mimetic f(R) inflation is discussed respec-
tively in [11], [12], [13], [14] and [15]. Mimetic theory
with higher derivatives has ghost degrees of freedom [16].
However, these ghosts leads to a very slow instability [17].
The caustics along with the constraints from the solar
system is studied in [18] while connections to Einstein
Aether were stressed in [19] and [20]. Lagrange multipli-
ers method is studied in [6, 7, 21, 22] while in [23] it is
discussed how the gauge invariance of the mimetic gravity
can be used to arrive to the formulation with Lagrange
multipliers. Unified description of dark energy and dark
matter in mimetic model is specified in [24].
Teleparallel Gravity (TG) [25] is an alternative formula-
tion of General Relativity (GR) which, instead of the tor-
sionless Levi-Civita connection, employs the curvature-
less Weitzenbo¨ck connection [26] in the action. While
general relativity is assumed to be a geometric theory,
teleparallel gravity is considered to be a gauge one [27].
Surprisingly, however, the equations of motion of both
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theories are equivalent so that the theory is sometimes
called the Teleparallel equivalent of General Relativity
(TEGR). Similar to the generalization of GR to f(R)
gravity, a straightforward generalization of TG is the
f(T ) theory, where T is replaced with f(T ) in the action
[28, 29]. Compared to f(R), f(T ) has the advantage of
having second order field equations in lieu of the fourth
order ones in the f(R) theory but it is not possible to fix
some of the vierbeins by gauge symmetry as there is no
local Lorenz invariance. On the other hand, f(T ) theory
can explain inflation [30] and capture acceleration of the
universe [28]. There are some problems with propagation
and time evolution in f(T ) gravity theories [32]. In [31],
the model parameters are constrained by observational
data while the advantage of adding a scalar field to the
theory is observed in [33]. The likelihood of wormholes
and phantom divide crossing are considered in [34] and
[35], respectively. Finally, the Noether symmetry is stud-
ied in [36] and the number of degrees of freedom in f(T )
theory is studied in [37].
The method of dynamical systems is a useful tool for
studying the whole dynamics of a theory near critical
points called fixed points [39]. This method is employed
to study f(T ) theory for special forms of f(T ) function
in [40] and for general case in [41].
In this paper, we propose a new extension of the mimetic
generalization of the TG and f(T ) theories. For this
purpose, we first explain the basis of the mimetic for-
mulation in General Relativity in Sections II and that of
TG in Section III. The mimetic f(T ) Teleparallel Grav-
ity is then investigated using the variational method in
Section IV and the Lagrange multipliers in Sections V.
Dynamical system analysis is used to study the mimetic
f(T ) theory in Section VI. Finally, Section VII presents
a summary and the conclusions.
II. MIMETIC MODEL
In the mimetic model, the metric is written in terms of
an auxiliary metric and a scalar field appearing through
its first derivative [2]. As a consequence, the conformal
degree of freedom of the action is isolated in a covariant
way. It is interesting that the scalar field reveals itself
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2in the equations of motion. The physical metric may be
parameterized as follows:
gµν = g˜µν(g˜
αβ∂αφ∂βφ) (1)
where, g˜µν is the conformal extension of the metric gµν
and φ is a scalar field. It is obvious from (1) that the
scalar field satisfies the constraint below:
gµν∂µφ∂νφ = 1 (2)
The equations of motion are derived by varying the action
with respect to the metric. The action is of the following
form in General Relativity (GR) :
I =
∫
d4x
√
−g(g˜µν , φ)
[
−1
2
R(gµν(g˜µν , φ)) + Lm
]
(3)
where, g is the trace of the metric, R is the Ricci scalar,
and Lm is the Lagrangian density of matter taken here
to be 8piG = 1. Instead of varying the action with re-
spect to gµν , it is varied in the GR version of the mimetic
model with respect to g˜µν and φ. This yields the follow-
ing equations of motion:
(Gµν + Tµν)− (G+ T )gµαgνβ∂αφ∂βφ = 0 (4)
∇µ((G+ T )∂µφ) = 0 (5)
where, Gµν and Tµν are Einstein and stress energy ten-
sors and G and T are their traces. ∇µ denotes the deriva-
tive with respect to the physical metric gµν . Eqs. (2), (4),
and (5) exhibit the following interesting features. Firstly,
the auxiliary metric g˜µν does not appear by itself in the
equations while φ does explicitly. This means that, by
conformal extension of the theory, an extra degree of free-
dom is obtained which leads to an effectively extra con-
tribution to the stress energy tensor as follows:
T effµν = Tµν + T˜µν = Tµν + (G+ T )∂µφ∂νφ (6)
The above equation can be compared with the energy
momentum tensor of the perfect fluid:
Tµν = (ρ+ p)uµuν − pgµν (7)
where, ρ is energy density, p is pressure, and uµ is four
velocity of the perfect fluid. It is obvious from Eq. (6)
that T˜µν is the energy momentum tensor of a perfect fluid
with the energy density G + T and zero pressure. ∂µφ
represents four velocity of the fluid satisfying the normal-
ization condition uµu
µ = 1 by Eq. (2). Eq. (5) can be
interpreted as the conservation of the energy momentum
tensor of such a fluid. So, we have a dust with the energy
density G + T that does not vanish even in the absence
of matter. In this way, this fluid mimics the behavior of
dark matter and it is, therefor, called the mimetic dark
matter.
An alternative way to formulate mimetic theory is to in-
troduce a scalar field satisfying constraint (2) and use
the Lagrange multipliers method to obtain equations of
motion from the constrained action [6, 7, 21, 22]:
S =
∫
d4x
√−g
[
−1
2
R(gµν) + λ(g
µν∂µφ∂µφ− 1)
]
(8)
Variation with respect to λ, gµν , and φ leads to Eqs. (2),
(4), and (5), respectively, without the need to introduce
any auxiliary metric g˜µν .
III. TELEPARALLEL GRAVITY
As already mentioned, Teleparallel gravity is an equiv-
alent formulation of General Relativity that assumes tor-
sion to be responsible for the gravitational interaction
[42, 43]. The fundamental variables in TG are vierbeins
or tetrads represented by eA, A = 0, 1, 2, 3. Tetrad fields
form an orthogonal basis for the tangent space at each
point xµ of the manifold. Since the tangent space is flat,
we have eA.eB = ηAB , where, ηAB is the Minkowski met-
ric of the flat space time, i.e., ηAB = diag(1,−1,−1,−1).
The vector eA can be described by its components in the
coordinate space eA = e
µ
A∂µ in which the Latin indices
refer to the tangent space and the Greek ones refer to
the coordinate space in the manifold. The metric has
the following form:
gµν = ηABe
A
µ e
B
ν (9)
The tangent space indices are raised and lowered by
ηAB and the coordinate space ones by gµν . Tetrad fields
form an orthogonal basis at each point of the tangent
space and the coordinate space; we will, therefore, have:
eAµ e
ν
A = δ
ν
µ and e
B
µ e
µ
A = δ
B
A . Here, we use the curva-
tureless Weitzenbo¨ck connection instead of the torsion-
less Levi-Civita one:
Γλµν ≡ eλA∂νeAµ . (10)
As a consequence the covariant derivative of the tetrad
field vanishes:
∇νeAµ = ∂νeAµ − ΓρµνeAρ = 0 (11)
We define the torsion tensor in terms of the Weitzenbo¨ck
connection:
Tλµν = Γ
λ
νµ − Γλ µν = eλA
(
∂µe
A
ν − ∂νeAµ
)
(12)
Contortion tensor can be defined in terms of torsion ten-
sor as follows:
Kµνρ = −
1
2
(
Tµνρ − T νµρ − T µνρ
)
(13)
which is the difference between Weitzenbo¨ck and Levi-
Civita connections:
Kρµν = Γ
ρ
µν − Γ¯ρµν (14)
where, Γ¯ρµν =
1
2
gρσ[∂µgνσ − ∂σgµν + ∂νgσµ] is the Levi-
Civita connection. As already mentioned, the curvature
of the Weitzenbo¨ck connection vanishes; thus, we have a
zero Riemann tensor in terms of the Weitzenbo¨ck con-
nection:
Rρλµν = ∂µΓ
ρ
λν + Γ
ρ
σµΓ
σ
λν − (µ↔ ν) ≡ 0 (15)
Plugging Γρµν = K
ρ
µν + Γ¯
ρ
µν in (15), we have:
Rρλµν = R¯
ρ
λµν +Q
ρ
λµν ≡ 0 (16)
3where,
Qρλµν = ∇µKρλν +KρσµKσλν − (µ↔ ν)
= −R¯ρλµν (17)
and ∇µ is the Levi-Civita covariant derivative:
∇ρV µ = ∂ρV µ + ΓµλρV λ (18)
Finally, we define superpotential as in the following:
S µνρ =
1
2
(
Kµνρ + δ
µ
ρ T
αν
α − δνρ Tαµα
)
This definition is used to construct the torsion scalar T :
T ≡ S µνρ T ρµν (19)
The action of the Teleparallel gravity may then be defined
as follows:
I =
∫
d4xe
(
T
2
+ Lm
)
(20)
where, e = det(eAµ ) =
√−g. The above action is con-
structed based on the assumption of invariance under
the general coordinate transformation, the local Lorenz
transformation, and the parity operation while the La-
grangian density is assumed to be a second order one in
the torsion tensor. The TG action in Eq. (20) is equiv-
alent to GR action Eq. (3) up to a total divergence. It
only takes a small amount of mathematical calculation
to realize from Eqs. (16) and (17) that
T = −R¯+ 2∇µTµ (21)
where, Tµ = T ρµρ . A straightforward generalization of
TG leads to the following action where T in the action
(20) is replaced with f(T ):
I =
∫
d4xe
(
f(T )
2
+ Lm
)
(22)
Action (22) contains all the symmetries of (20), except
that it lacks the local Lorenz invariance and it is, there-
fore, not possible to fix some of the field variables by
gauge choice [44]. Varying the action with respect to eAν
yields the following equations of motion as:
JνA ≡ e−1∂µ(eeρASρµν)[1 + FT (T )]
−eλAT ρµλSρνµ[1 + FT (T )] + eρASρµν∂µ(T )FTT (T )
−1
4
eνA[T + F (T )]−
1
2
eρAT
(m)
ρ
ν = 0 (23)
where, f(T ) = T + F (T ) and T
(m)
µν =
−2
e
δ(eLm)
δgµν
is the
energy momentum tensor. The TG equations are ob-
tained by setting F (T ) = 0.
If the background metric is assumed to be a flat FRW
metric:
ds2 = dt2 − a2(t)(dxi)2 (24)
then, the vierbeins take the following form:
eAµ = diag(1, a, a, a), e
µ
A = diag(1, a
−1, a−1, a−1) (25)
and the torsion scalar becomes
T = −6H2 (26)
where, H is the Hubble parameter, H = a˙a . Using the
energy momentum tensor of the perfect fluid in Eq. (7)
yields the following effective Friedman equations:
H2 =
1
3
ρ− 1
6
F (T )− 2FTH2 (27)
H˙ = −
1
2 (ρ+ p)
1 + FT + 2TFTT
(28)
In what follows, we try to extend the method of mimetic
theory to f(T ) gravity and to find the equations of mo-
tion of dark matter.
IV. MIMETIC f(T ) TELEPARALLEL GRAVITY,
VARIATIONAL METHOD
In this section, the mimetic method of [2] is applied
to TG and f(T ) teleparallel gravity. Eq. (1) is thus
replaced with an equivalent relation in TG. there is no
local Lorenz invariance in the mimetic gravity and this
motivates us to study mimetic f(T ) gravity. A method to
do this is to leave the vierbeins unchanged and to change
the Minkowski metric ηAB as follows:
ηAB =
(
η˜CD∂Cφ∂Dφ
)
η˜AB = P η˜AB (29)
To see how this leads to (1), we write Eq. (1) as follows:
gµν = g˜µν(g˜
αβ∂αφ∂βφ)
= η˜ABe
A
ν e
B
µ
(
η˜CDeαCe
β
D∂αφ∂βφ
)
= eAν e
B
µ
[
η˜AB
(
η˜CD∂Cφ∂Dφ
)]
= ηABe
A
ν e
B
µ
= gµν
where, g˜µν = η˜ABe
A
ν e
B
µ is defined in the second line, e
A
µ =
∂xA
∂xµ is used in the third line, and Eq. (29) is used in
the forth line. The variation of the metric needs to be
determined in order to vary the action with respect to
the new variables g˜µν and φ. At first sight, the physical
metric becomes a function of η˜AB , φ and e
A
ν as follows:
gµν = η˜ABe
A
ν e
B
µ
(
η˜CD∂Cφ∂Dφ
)
(30)
It should be noted, however, that ηAB is a constant ma-
trix and has zero variation; so:
δgµν = δηABe
A
ν e
B
µ + 2ηABe
B
µ δe
A
ν = 2ηABe
B
µ δe
A
ν (31)
Even so, the term δηABe
A
ν e
B
µ is not deleted at this junc-
ture and its variation is taken into account by using Eq.
(29):
δgµν = δηABe
A
ν e
B
µ + 2ηABe
B
µ δe
A
ν
= Pδη˜ABe
A
ν e
B
µ + η˜ABe
A
ν e
B
µ δP + 2ηABe
B
µ δe
A
ν (32)
Using the definition of P in (29), the variation of
P is found to be δP = −η˜CM η˜DN (δη˜MN )∂Cφ∂Dφ +
2η˜CD(δ∂Cφ)∂Dφ; thus,
4δgµν = Pδη˜ABe
A
ν e
B
µ + η˜ABe
A
ν e
B
µ (−η˜CM η˜DN (δη˜MN )∂Cφ∂Dφ+ 2η˜CD(δ∂Cφ)∂Dφ) + 2ηABeBµ δeAν
= Pδη˜MNe
A
ν e
B
µ
(
δMA δ
N
B − ηABηCMηDN∂Cφ∂Dφ
)
+ 2ηABe
A
ν e
B
µ η
CD(δ∂Cφ)∂Dφ+ 2ηABe
B
µ δe
A
ν (33)
In which, the fact that η˜AB η˜
CD = ηABη
CD was taken
into account. To find the variation δ∂Cφ, we note that
δ∂Cφ = δ(∂αφe
α
C) = e
α
Cδ(∂αφ) + ∂αφδ(e
α
C). Given the
fact that δeαC = −gανηAC(δeAν ), the variation of the met-
ric takes the following form:
δgµν = P (δη˜MNe
A
ν e
B
µ + 2η˜MNe
B
µ δe
A
ν )(δ
M
A δ
N
B − ηABηCMηDN∂Cφ∂Dφ) + 2gµνgαβ∂αδφ∂βφ
= Pδg˜αβ(δ
α
µδ
β
ν − gµνgκαgλβ∂κφ∂λφ) + 2gµνgαβ∂αδφ∂βφ (34)
where, ηAB∂Aφ∂Bφ = 1, which is equivalent to Relation
(2) as a result of using Eq. (9). Variation of the action
(20) is given by:
δI = 2
∫
d4xeJAν δe
ν
A =
∫
d4xeBµνδg
µν (35)
where, the definition of the tensor JAν given in (23) is
used and
Bµν = ηABe
B
µ J
A
ν = −
1
2
G¯µν − 1
2
T (m)µν − SµναFTT∂αT
−1
2
FT
(
R¯µν − gµν∇αKα
)− 1
4
Fgµν (36)
Moreover, Eq. (31) is used in (35). By plugging δgµν
from (34) in (35), we find the following substitute equa-
tions for the typical equations of motion of f(T ) theory:
Bµν −B∂µφ∂νφ = 0 (37)
∇µ (B∂µφ) = 0 (38)
in which, B is the trace of tensor Bµν and has the fol-
lowing form:
B = gµνBµν = −1
2
G¯− 1
2
T (m) − gµνSµναFTT∂αT
−1
2
FT
(
R¯− 4∇αKα
)− F (39)
Where G¯ and T (m) are the trace of Einstein and Energy-
momentum tensor respectively. Certain points are wor-
thy of mention at this juncture. Eqs. (37) and (38) are
the mimetic equations for f(T ) gravity with no equiv-
alent in GR. Setting F (T ) = 0, in (37), we obtain the
mimetic teleparallel gravity, which can be shown to be
equivalent to (4). Hence, the mimetic extensions of TG
and GR are similar as expected.
From Eq. (37), we see that the new degree of freedom
leads to an extra contribution to the energy momentum
tensor as follows:
T˜µν = 2B∂µφ∂νφ (40)
Comparison of the above equation with (7) reveals that
T˜µν is equivalent to an effective energy momentum tensor
of a perfect fluid with ρ = 2B, p = 0, and four velocity
uµ = ∂µφ. It also satisfies the normalization condition
uµuµ = 1 by (2). Conservation law for T˜µν gives:
∇µT˜µν = 2∂νφ∇µ(B∂µφ) + 2B∂µφ∇µ∂νφ = 0 (41)
which exploits both Eq. (38) and the fact that by
differentiating (2) we have ∂µφ∇ν∂µφ = ∂µφ∇µ∂νφ = 0.
In this way, Eq. (38) becomes the conservation law for
T˜µν . We see that the scalar field φ reveals itself in the
equations while the auxiliary metric g˜µν is absent. This
means that the conformal degree of freedom becomes
dynamical and acts as a pressureless fluid called ‘the
cold dark matter’.
V. MIMETIC f(T ) GRAVITY, LAGRANGE
MULTIPLIERS METHOD
In the previous section, we discussed the mimetic
method for f(T ) theory and TG using the variational
method with respect to the new variables of the theory
g˜µν and φ. Its requisite is the definition of the physical
metric gµν in terms of the auxiliary metric g˜µν and φ in
Eq. (1) or equivalently (29). In this section we present
a simpler method that is based on constraint (2). If we
implement this constraint or equivalently either Eq. (1)
or (29) in the action using the undetermined Lagrange
multipliers method, we obtain similar results. We define
the action as:
I =
∫
d4x e (42)[
1
2
(T + F (T )) + λµν
(
g˜µν g˜
αβ∂αφ∂βφ− gµν
)
+ Lm
]
Variation of Eq. (42) with respect to λµν leads to the
constraint (1). Moreover, its variation with respect to
g˜µν yields the following equation:
λµν g˜αβ(∂αφ)(∂βφ)− λρσ g˜ρσ g˜µα(∂αφ)g˜νβ(∂βφ) = 0 (43)
(43) yields (44) below if (1) is used:
λµν = λ(∂µφ)(∂νφ) (44)
5where, λ is the trace of λµν . Variation with respect to
gµν leads to:
Bµν − λµν = 0 (45)
Taking trace of the above equation gives:
B − λ = 0 (46)
Replacing Eqs. (45) and (46) in (44) yields Eq. (37).
Finally, variation with respect to φ leads to:
∇µ(λ∂µφ) = 0 (47)
This is Eq. (38) in which λ is replaced from (46).
Similar to what is claimed in [21], since λµν is fully de-
termined by its trace, we can implement the following
constraint in the action for GR as well and write (48)
below instead of (42):
I =
∫
d4xe
[
1
2
(T + F (T )) + λ (gµν∂µφ∂νφ− 1) + Lm
]
(48)
Eqs. (2), (37), and (37) are obtained by varying the
action (48) with respect to λ, gµν and φ.
VI. MIMETIC f(T ) GRAVITY AND
DYNAMICAL SYSTEMS
The method of dynamical systems is a tool for inves-
tigating the whole dynamics of a theory [39]. In this
method qualitative behavior of the system is studied near
the extremums of the theory called fixed points or crit-
ical points. Based on different initial values there could
be different solutions. Inconsistent solutions should be
ruled out regarding early and late time behaviors of the
universe, and matter/radiation solutions. In this section
we investigate the method of autonomous dynamical sys-
tems to examine the mimetic f(T ) theory and see if it
is a viable cosmological theory or not. We consider f(T )
mimetic gravity in flat homogeneous and isotropic FRW
universe. The content of the universe is chosen to be
dust (with energy density ρm, and pressure pm = 0) and
radiation (with density ρr and pressure pr =
1
3ρr). The
action reads:
I =
∫
d4xe[
1
2
(T + F (T )) + λ (gµν∂µφ∂νφ− 1) + Lm
+Lr] (49)
Then, variation with respect to eAν (or equivalently g
µν)
leads to following equations of motion:
e−1∂µ(ee
ρ
ASρ
µν)[1 + FT (T )]− eλAT ρµλSρνµ(1 + FT (T ))
−1
2
eρAT
(m)
ρ
ν − 1
2
eρAT
(r)
ρ
ν + eρASρ
µν∂µ(T )FTT (T )
−1
4
eνA(T + F (T ))− λ(φ)∂µφ∂νφeµA = 0 (50)
and variation with respect to φ gives:
2∇µ(λ(φ)∂µφ) = 2 1
a3
∂µ(a
3λ∂µφ) = 0 (51)
Based on the homogeneity and isotropy of the universe
λ(φ) which is equal to the density of the mimetic mater
should depends only on time. So we assume that the
scalar field φ depends only on time. Regarding Eq. (24),
Eq. (2) then changes to:(
dφ
dt
)2
= 1 (52)
Thus, we can identify the auxiliary field φ by t. In the flat
FRW universe with metric (24), the effective Friedman
equations would then become:
3H2(1 + 2FT ) +
1
2
F (T ) = ρm + ρr + 2λ (53)
−2H˙(1 + FT + 2TFTT ) = ρm + 4
3
ρr + 2λ (54)
The continuity equations and Eq. (51) read:
ρ˙m + 3Hρm = 0 (55)
ρ˙r + 4Hρr = 0 (56)
2λ˙+ 6Hλ = 0 (57)
Eqs. (53) to (57) define the whole dynamics of the theory.
To simplify the calculations we introduce the following
dimensionless variables:
Ωm =
ρm
3H2
(58)
Ωr =
ρr
3H2
(59)
Ωdm =
2λ
3H2
(60)
x =
F (T )
T
(61)
y = −2FT (T ) (62)
z = 2TFTT (T ) (63)
The term 2λ in Eq. (53) is equal to the effective density
of the mimetic dark matter. So we defined the density
parameter of the mimetic dark matter as Ωdm =
2λ
3H2 in
Eq. (60). In the same way using Eq. (53) the effec-
tive density of dark energy is ρde = −F (T )2 − 6H2FT (T ),
therefore the density parameter of the effective dark en-
ergy, using Eq. (26), will become Ωde = x + y. Based
on the variables (58) to (63), Eqs. (53) and (54) will
become:
Ωm + Ωr + Ωdm + x+ y = 1 (64)
H˙
H2
(
1− 1
2
y + z
)
= −3
2
Ωm − 3
2
Ωdm − 2Ωr (65)
In order to construct an autonomous dynamical system
we should select an independent set of the variables from
(58) to (63). Clearly x, is a function of T , so we can write
T = T (x). In this way y(T ) and z(T ) are functions of
x and cannot interpreted as independent variables of x.
An explicit relation could be found between y and z by
differentiating y with respect to x:
y′(x) =
dy
dx
=
dy/dT
dx/dT
=
−2FTT (T )
FT (T )
T − F (T )T 2
=
z(x)
x+ 12y(x)
(66)
6fixed point x Ωm Ωr Ωdm Ωde q λ1 λ2 λ3
P1 x0 1 + x0 0 0 −x0 12 0 −1 32 (y′(x0) + 2)
P2 x0 0 1 + x0 0 −x0 1 1 1 2 (y′(x0) + 2)
P3 x0 0 0 1 + x0 −x0 12 0 −1 32 (y′(x0) + 2)
P4 x1 0 0 0 1 −1 −3 −4 −3
P5 x2 0 0 1− x2 − y(x2) x2 + y(x2) −1 −3 −4 λ(x2)
TABLE I. The critical points and related physical parameters of the system (67).The solution of y(x) + 2x = 0 is called x0,
the solution of y(x) + x = 1 is called x1, and the value in which 1− 12y + y′
(
x+ 1
2
y
)
diverges is called x2.
It should be noted that, y′ is differentiation of y with
respect to x, not T . Equation (64) is another constraint
between the remained quantities (58) to (61). It means
that there are three independent variables. We choose
Ωm, Ωr and x as independent variables. The autonomous
dynamical system using Eqs. (55), (56), (57), (64), (65)
and (66) will take the following form:
dΩm
dN
= Ωm
(
3(1− x− y) + Ωr
1− 12y + y′
(
x+ 12y
) − 3)
dΩr
dN
= Ωr
(
3(1− x− y) + Ωr
1− 12y + y′
(
x+ 12y
) − 4)
dx
dN
=
(
x+
1
2
y
)
3(1− x− y) + Ωr
1− 12y + y′
(
x+ 12y
) (67)
where, N = ln a. The fixed points of the system could
be achieved by setting dxdN =
dΩr
dN =
dΩm
dN = 0. Assuming
1− 12y(x)+y′(x)
(
x+ 12y(x)
)
= 1+FT (T )+2TFTT (T ) 6=
0 five categories of fixed points can be found which are
summarized in Table I. Related physical parameters are
presented in the Table as well. Stability state of the fixed
points can be studies with calculating the eigenvalues of
the Jacobian matrix near the critical points which are
designated by λi in Table I. If all the eigenvalues are pos-
itive, the point is unstable. If all of them are negative the
point is stable, and otherwise it is a saddle fixed point.
Nonhyperbolic solutions occur when some or all of the
eigenvalues have zero real part near the fixed point. De-
celeration parameter q, presented in the Table is defined
as below:
q = −aa¨
a˙2
= −1− H˙
H2
= −1 +
3
2 (1− x− y) + 12Ωr
1− 12y + y′
(
x+ 12y
)
(68)
Accelerating universe corresponds to minus values of the
deceleration parameter.
Our universe is in the dark energy dominated accelerated
expanding phase. In the past it was smaller and denser
than it is today and it was a period of time that mat-
ter had been dominated the universe. Since the rate of
expansion of radiation is faster than matter in an accel-
erating universe (based on the solution of equation (56))
before matter, radiation had been dominated the uni-
verse. Before radiation and after big bang it is believed
that there had been an accelerated expanding era, called
inflation. In this way there are four main cosmological
periods in standard cosmological model that are infla-
tion, radiation, matter and dark energy dominated eras
respectively. Every viable cosmological model should de-
scribe some of them, specially the nowadays accelerating
phase of the universe. For this goal inflation should be
an unstable fixed point and radiation and matter eras
should be saddle ones. At last dark energy dominated
era should be a stable critical point.
The first three categories of fixed points occur with the
solutions of y(x)+2x = 0. The solutions of this equation
is called x0. Depending on the functionality of y(x) or
F (T ), it is possible to have one, two, more or zero fixed
points for each category. The first category (P1 in the
table) are those for which Ωm = 1 + x0, Ωr = Ωdm = 0
and Ωde = −x0. It changes to a matter-dominated fixed
point for small values of x0 because Ωm = 1. Also the
point is a nonhyperbolic fixed point (there is one zero
eigenvalue) but it is possible to understand that it is a
saddle fixed point for y′(x0) > −2. P1 changes to a dark
energy-dominated fixed point for x0 = −1. Since there
is no accelerating solution at this case (q > 0), it fails to
describe the late time accelerating phase of the universe.
The second category of fixed points (P2 in the table) oc-
cur with Ωr = 1 + x0, Ωm = Ωdm = 0 and Ωde = −x0.
For small values of x0, P2 is a radiation-dominated fixed
point. It is an unstable fixed point for y′(x0) > −2,
and a saddle one otherwise. Again P2 changes to a dark
energy-dominated fixed point for x0 = −1. Since there
is no accelerating and stable solution, it fails to describe
the late time accelerating phase of the universe.
The third category of fixed points (P3), are those in which
mimetic dark matter dominates if x0 = 0. It is a saddle
fixed point for y′(x0) > −2. The point changes to a dark
energy dominated fixed point for x0 = −1 but for lack
of accelerating solution it cannot describe the late time
accelerating phase of the universe.
The forth category (P4), are the solutions of y(x)+x = 1.
The roots of this equation are called x1. It is a dark en-
ergy dominated, stable, accelerating fixed point and it
can describe the late time accelerating phase of the uni-
verse correctly.
The fifth category (P5), are those for which 1 − 12y +
y′
(
x+ 12y
)
diverges and Ωde 6= 1. These points are called
x2. Existence of nonzero density parameter of dark mat-
ter in an accelerating phase (q < 0) demonstrates the
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FIG. 1. Phase trajectories for the system (67) for F (T ) = α(−T )b where b = 0.3, an arbitrary Ωm in plot (a), Ωr = 0 in plot
(b) and x = 0 in plot (c) has been chosen. The critical point P2 is located at (1, 0) in plot (a) and (0, 1) in plot (c). The
critical point P4 is located at (0,
1
1−2b ) in both plots (a) and (b). The critical line P13 is located at (0, 0) in plot (a), at x = 0
in plot (b) and at Ωr = 0 in plot (c). P4 is clearly a stable fixed point because the trajectories are evolving through it. P13
line is a saddle one because some trajectories evolve through and some of them come out of the line. Finally P2 is an unstable
fixed point because all of the trajectories are coming out of it. The trajectories start their evolution from the radiation point
P2, the only unstable fixed point in the theory. Some of the trajectories go straight forward to P4, the stable point and some
of them evolve first to matter-dark matter critical line P13, and after that to P4 (dark energy era), the only attractor in the
theory.
existence of inflation dominated era. It is a saddle fixed
point if λ(x) > 0, and a stable one otherwise where, λ(x)
has the following form:
λ(x) =
3
2
(y′ + 2)(1− x− y)− (y′ + 1)(y + 2x)
1− 12y + y′
(
x+ 12y
) (69)
− 3
2
(1− x− y)(y + 2x) ( 12y′(y′ + 1) + y′′ (x+ 12y))(
1− 12y + y′
(
x+ 12y
))2 .
In the standard cosmological model discussed above
inflation should be an unstable fixed point. Since it
is not possible for P5 to be an unstable fixed point it
cannot assumed as a true inflation point.
In our theory we have an inflation, radiation, ordinary
matter and mimetic dark matter-dominated fixed points
if x0 tends to zero. As already discussed, P5 cannot
be accepted as a true inflation point and it should be
ruled out. There is no situation for which both matter
and radiation fixed points are saddle ones. But if we
choose f(T ) in a way that y′(x0) > −2, there will be
an unstable radiation era followed by a saddle matter
and dark matter fixed points and a stable dark energy
one in the theory. This case has an advantage that
the transition radiation−→matter−→dark energy in
8the standard cosmological model will becomes possible.
Based on the energy conditions, the true domain of
Ωr and Ωm are 0 ≤ Ωr ≤ 1 and 0 ≤ Ωm ≤ 1. Since
the density parameters of the matter and radiation in
Table I, are equal to 1 + x0, the preferred domain is,
0 ≤ 1 + x0 ≤ 1 or −1 ≤ x0 ≤ 0. For the lower bound,
x0 = −1, the three first category of fixed points are
dark energy dominated fixed points. Since the value of
deceleration parameter is positive for all of them, they
are in the decelerating phase and relates to no physical
situation. Then the preferred domain is −1 < x0 ≤ 0.
Thus every viable cosmological model of mimetic f(T )
gravity should satisfy some conditions: first, the model
has at least one fixed point for each of the categories
of Table I. In other words, both of the equations,
y(x) + x = 1 and y(x) + 2x = 0 have at least one real
solution. Second, for satisfaction of energy conditions,
−1 < x0 ≤ 0, and third, for stability states, y′(x0) > −2.
We conclude that, f(T ) mimetic theory, with some
conditions could be a viable cosmological model.
In a theory, if the domain of the dynamical variables
are noncompact (i.e. it is possible for the dynamical
variables to tend to infinity), the study of the phase
space completes with studying the infinite fixed points.
In our theory based on energy conditions the dynamical
variables Ωm and Ωr are restricted to 0 ≤ Ωr ≤ 1 and
0 ≤ Ωm ≤ 1, so they are always finite. x is the only
dynamical variable which may tend to infinity. If in
the valid domain of T , which is determined with the
energy conditions, x(T ) tends to infinity, it is necessary
to study the infinite critical points using the Poincare´
central projection method [45].
To see an explicit example we use the power-law
model of the following form [46]:
F (T ) = α(−T )b, (70)
where α and b are two constants. As we obtained in
Ref. [41] the preferred values of the independent model
parameter to satisfy the conditions are b < 1 and b 6= 12 .
The fixed points of the power-law model is plotted in
Figure 1 for b = 0.3. Since both equations y(x) + 2x = 0
and y(x) +x = 1 have real solutions for b < 1 and b 6= 12 ,
the radiation, matter and dark energy fixed points exist.
But there is no quantity for which 1 − 12y + y′
(
x+ 12y
)
diverges, so there is no inflation point, P5, in the theory.
For the power-law model, when Ωr = x = 0 the first
equation of (67) vanishes for all values of Ωm. This leads
to a fixed line P13 instead of two fixed points P1 and P3
that is observable in plots (b) and (c) in Figure 1.
VII. CONCLUDING REMARKS
In this work, we generalized the idea of mimetic the-
ory to the f(T ) teleparallel gravity. The idea of mimetic
theory is to extend the metric in terms of an auxiliary
conformal metric and a scalar field appearing through
its first derivative. It is interesting that the conformal
extension of the physical metric acts completely on the
Minkowski metric of tangent space and leaves the vier-
beins unchanged in the teleparallel gravity. This results
in the splitting of the f(T ) gravity equations of motion
into two groups of equations obtained through variation
with respect to the auxiliary metric and the scalar field.
Thus, the scalar field or the conformal degree of freedom
reveals by itself in the equations to become dynamical.
This extra degree of freedom acts as a pressureless fluid
that can mimic the behavior of cold dark matter. The
equations of motion can be obtained in a simpler way by
implementing Eq. (1) as a constraint in the action. In
order to examine the viability of the theory, the method
of dynamical systems is used. It is found that it is pos-
sible to have five categories of fixed points representing
inflation, radiation, ordinary matter, mimetic dark mat-
ter and dark energy dominated eras. Finally one special
case that is power-law model is studied with its phase
trajectories.
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